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Abstract

We introduce a new definition of localization for frames which elimi-
nates the dependence on the indexing of the frames. Two main results
of Grochenig are extended to this definition, namely that the dual of a
localized frame is also localized, and a frame localized with respect to an-
other frame is a Banach frame for the associated family of Banach spaces.
These results parallel the results of a more recent paper by Fornasier and
Grochenig.
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1 Introduction

The concept of localization of frames was recently introduced independently by
Grochenig [20] and the group consisting of Balan, Casazza, Heil, and Landau
(BCHL) [4]. To understand localization of frames, let % = L?(R) and consider
two frames F = (fz)zex and € = (ey)yecy of H whose indexing sets X and Y are
countable subsets of R. We can think of each f, € F as being “concentrated”
near z, and similarly for each e, € £. Roughly, F is localized with respect to £
if each f, can be well-approximated by a finite linear combination of e,’s. In
other words, since f, can be written as

Jz = Z <f$v€y>éy

yey

we say that F is localized with respect to £ if the magnitudes of the coef-
ficients |(fz,ey)| exhibit a certain decay as the distance between z and y in-
creases. KEquivalently, F is localized with respect to £ if the cross-Gramian
matrix [(fz,ey)]zex ycy has a decay of the diagonal.
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Localization has already proven to be a powerful new quality of frames [19,
20, 9, 4, 5, 6, 14, 15, 21]. Grochenig proved that a frame localized with respect
to a Riesz basis is automatically a Banach frame for an often important family
of Banach spaces associated with the Riesz basis. This result generalized results
from sampling theory, time-frequency analysis, and wavelet analysis [17, 1, 12, 9].
Later, Fornasier and Grochenig [14] proved a similar result for frames localized
with respect to other frames, where the localization is defined by the Gramian
matrices belonging to a particular spectral algebra. The role of Banach matrix
algebras in this theory of localized frames was further developed by Grochenig
and Leinert [21]. Most recently, Fornasier and Rauhut [15] introduced the notion
of continuous localized frames indexed by a locally compact space endowed with
a Radon measure and showed that these frames can be sampled to create discrete
localized frames. Independent of these developments, BCHL introduced the
notion of localized frames to prove powerful results concerning the density and
excess of frames, extending their results in [2] and [3]. They also provided
an illuminating new perspective on previously known results concerning Gabor
frames.

In this paper, we introduce a definition which eliminates the dependence of
localization on the indexing of the frames. The property of localization was
dependent on indexing for all previous definitions. We then show that the main
results of Grochenig still hold. This definition also extends the results of BCHL,
which can be found in [16]. It should be noted that this definition was devel-
oped prior to knowledge of the following papers, [14, 15, 21]. The Fornasier
and Rauhut definition of localization [15] may be thought of as the most gen-
eral definition, as it is for continuous frames indexed on a locally compact space
with Radon measure. However, the localization condition depends on the pre-
scribed choice of Radon measure, which corresponds to a particular choice of
arrangement of the index set. Additionally, in the papers just mentioned, the
localization condition is generalized so that the cross-Gramian matrices of local-
ized frames belong to a particular Banach algebra. In this paper we only treat
cross-Gramian matrices with off-diagonal P decay. Note that matrices with off-
diagonal ¢! decay can be thought of as belonging to the Sjostrand algebra. We
expect that this definition can be extended using more general Banach algebras.

Our paper will be organized as follows. In Section 2 we introduce the sym-
metric definition of localization. In Section 3 we investigate the equivalence
structure of ¢'-self-localized frames and, finally, in Section 4 we extend the two
main results of Grochenig, namely localization of the dual frame and the con-
struction of Banach frames.
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2 Symmetric Localization

Before introducing the new definition, we fix basic notation. We recommend [8],
(18], [7], [11], and [10] for additional background.

For a countable set X, let F = (f;)zcx be a frame for a separable Hilbert
space ‘H with frame bounds A, B. The analysis operator will be denoted
C:=Cr:H — (*(X), where C(f) = ((f, f2))zex- The synthesis operator
will be denoted D := D : £*(X) — H, where D((cs)zex) = D pex Cafe- D is
the adjoint of C'; D = C*. The frame operator denoted S = DC : H — H,
Sf = wex (f, fe) fz is a positive, invertible operator such that A-7 < .S < B-1.
The canonical dual frame of F is denoted F = (S™ f)wex = (fw):z:eX and is

such that f = ZwEX <fa fx>f$ = ZwEX (fa fx>ffv for all f €H.

d e
In the following, let G be a group of the form H a; 7 X H Zy;. For every

i=1 j=1
g = (a1ny,agng, ...,agng, mi, ma, ...,m.) € G, let
lg| = sup{|aini|, |aanal, ..., |agnqgl, §(m1), 6(mza), ..., 6(me)}
0 if m=0;

where d(m) = {

1 otherwise.

Define a metric on G to be d(g,h) = |g — h| for g,h € G.
Let Sy, () be defined to be the ball of radius n centered at j in G. We define
|Sn(7)] := #[Sn(4)], the cardinality of S, (7).

Definition 2.1 (Symmetric localization). Let sequences F = (fz)zex and
E = (ey)yey in a Hilbert space H, X and Y arbitrary index sets.

(1) (F,E) is symmetrically (P-localized if there exist maps ax : X — G,
ay : Y — G such that max{sup;cq |a;(1(j)|,supjeg lay' ()|} < K < o0,
and r € P(G) such that for allz € X,y €Y,

[(fz, ey)] < Tax(z)—ay (y)-

(2) F is symmetrically (?-self-localized if it is symmetrically ¢P-localized
with respect to itself.

(3) (F, &) has uniform (P column decay if for every e > 0 there is a N¢ > 0
such that for ally € Y,

> [{farey)lP <e.

ze€X\ax' (Sn. (av (%))
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(4) (F,&) has uniform (P row decay if for every e > 0 there is a Ne > 0
such that for oll x € X,

) (faren)l? <.

yeY\ay ' (Sn. (ax (2)))

Remark 2.2. The terms column and row decay come from considering the
cross-Gramian matrix ((fz, ey))zex yey-

Remark 2.3. If we let Y = G and ay = id, then we have the definition of
BCHL provided supj¢q lax'(4)| < K < oo. Bounded point inverses are not only
desired in applications but also used in nearly all of the theorems of BCHL, so
it is not a restrictive condition.

Though we do not have a straight generalization of Grochenig’s definition,
every frame localized with respect to a Riesz basis in Grochenig’s sense is local-
ized in this symmetric sense as will be made clear below.

Definition 2.4. A set X C R? is separated if there exists a positive constant
¢ such that for every x,y € X such that x #y, 0 < c < |z —yl|.

Definition 2.5 (Grochenig [20]). The frame F = (f4)zex in L*(R?) is poly-
nomially localized with respect to the Riesz basis £ = (e,)yey in L*(RY), with
decay s > 0 (or s-localized), where X is a finite union of separated sets of R?
and Y is a separated set of R, if for allz € X,y €Y, and C > 0,

({fe,ep)| S C(L+ |z —y|)™" and [(fz, &) < C(L+ |z —y|)~".

Likewise, F is called exponentially localized with exponent o > 0 if for
some a >0 and C > 0,

|(furey)] < Cem Y and |(f,, &) < Cem kv,

To prove that every polynomially localized frame is symmetrically localized,
let F = (fz)zex be s-localized with respect to a Riesz basis £ = (ey)ycy as
above. Let G := ﬁZd. For z = ($i)g:1 € R let nj < 23 < nj + 2_1(1 with
n; € %Z,z’ =1,...d. We define ax : X — G in the following way:

. 1
ax(x) = (wy,...,wq) where w; = {nz ) ?f i<t ?
ni +ag if 23 >n; + 45
We define ay : Y — G similarly.
If we define 7 : G — C to be r = (rg)gec = (C(3 + |g9]) *)geq, then r € &7
where p > %, and F is symmetrically #P-localized with respect to £ with decay
given by r. A similar argument holds for exponentially localized frames. O
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The most compelling reason for the introduction of this new definition for
localized frames is the need for a definition that not only compares any two
frames, but also comapres two frames regardless of the indexing. Recall that
the frame series converges unconditionally or equivalently; the convergence of
the partial sums is independent of the indexing of the frames. All previous
definitions depend on the indexing. Given a frame F localized with respect to a
Riesz basis € in the sense of Grochenig [20], we can easily permute the index set
of F, &, or both so that F is no longer localized with respect to £. The same
is true for Fornasier and Grochenig’s definition [14], Fornasier and Rauhut’s
definition [15], and Grochenig and Leinert’s definition [21]. The definition found
in [4] is also dependent on the indexing of the frames because of the dependence
on the map ax : X — G. The symmetrically localized definition is independent
of the indexing. For this definition, we need only the existence of some maps
ay : X = G and ay : Y — @ with finite point inverses, so given a permutation
p of the index set X, we can define a new map a’y =axop!:p(X) — G.

Example 2.6. Let F = (%)/%IZ and £ = (%)neZ be frames
for L*(R). Let ay : Z — Z be the identity function, and aiz, 17 — 7 be
defined
k if k e
a%Z(kz) =qk—1/2 ifkeZT
k+1/2 ifkeZ™.

F is symmetrically /P localized with respect to £ for any p > 1, where the decay
1 if g=0;
ﬁ if g # 0.

Example 2.7. Let G(v,I') = {T, Myy : (z,w) € I'} and G(v,A) = {Ty M, :
(z,y) € A} be Gabor frames in L?(R), where T is the translation operator
defined T, f (y) = f(y —x) and M, is the modulation operator defined M, f(y) =
e?™2Y f (y). Suppose 7 = e ™" the normalized Gaussian, and T', A C R? with
finite multiplicities. Let ap : I' = Z X Z and ap : A — Z X Z be functions sending
a point to the nearest lattice point. More concretely, suppose for m,n € Z and
0<a,b<1,

is given by ry, = {

(m,n) if a < 1/2,b <1/

1 ifa <1/2,b>1/2;

ar(z,w) = ar(m +a,n +b) = (mn+ ) %a< /2,6 >1/2;
(m+1,n) ifa>1/2,b<1/2;

(m+1n+1) ifa>1/2,b>1/2,

Then G(y,T) = {TuMyy : (z,w) € T} is symmetrically #'-localized with
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respect to G(y,A) = {T, M.y : (z,y) € A}, where

—1/2e-?f((m—l)2+(n—1)2)/2)

r = (rmm)zxz = (2 ZxZ

3 Equivalence Class Structure

The symmetries in this definition allow for a natural equivalence class structure,
as was shown for Fornasier’s intrinsically localized frames in [13].

Definition 3.1. Let S' := {F = (fi)sex | F is a symmetrically ¢ -self-localized
frame of H}. For F,E € S, we define the relation F ~ € if F is symmetrically
0 -localized with respect to &.

We have the following theorem.
Theorem 3.2. [5] Let F € S'. Then for F, F € S* and F ~ F.

This theorem applies directly as our definition coincides with that of BCHL
in the case of self-localization.

Before verifying that we have an equivalence relation, let us first prove the
following proposition.

Proposition 3.3. Let F = (fy)zcx and € = (ey)ycy be frame sequences for
Hilbert space H, X, and Y arbitrary indez sets. Letayxy : X - G, ay : Y = G
be associated maps. Suppose the following conditions are satisfied:

(1) F is symmetrically £* -localized with respect to £, i.e., there exists r € £*(G)
such that |[(fz,ey)| < Tax(@)—ay (v)-

(2) F is symmetrically ¢'-localized with respect to &, i.e., there exists s € MG)
such that | fy,€y)| < Sax (2)—ay (y)-

Then F € St and € € S*.

Proof. We define convolution for /?(G) in the following way:

keG

(cj)jec = (bj)jec * (dj)jec = (Z bkdjk> :
jea
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[(for f2)] = <Z(fwa€y>éy,fz>

yey

IA

> [ fesen) 12y, £

yey

Z Tax (@) —ay (y) Say (y)—ax(2)
yey

= Z Z Tax (z)—ay (y) Say (y)—ax(2)

J€G yeay  (4)
< Y KTax(@)—j Sj-ax(2)
JjeG
= K(T*S)ax(w)

IN

—ax (Z) .

Asrs € ¢Y(@), we have that 7 x s € EI(G).~ Hence, F € S'. By Theorem
3.2, F € S', so there is a g € £}(G) such that |(f,, f.)| < Qax (r)—ax(z)- Then by
a similar calculation as above,

ey, Fo)l < D ey £l o Fo)l < K+ @)ay (y)—ax (2)-

zeX
Finally,
|<ey,ez)| < Z |<€y,f$>| |<f$76z>| < K(r*q*r)ay(y)fay(z)'
zeX
Asr,q € IYG), r x g+ r € {*(G). Hence, £ € S*. O

Proposition 3.4. Let F = (fi)zex and € = (ey)yey be frame sequences for
Hilbert space H, X, and Y arbitrary index sets. Letax : X - G, ay : Y = G
be associated maps. Suppose the following are satisfied,

(1) €€ S,

(2) F is symmetrically £* -localized with respect to £, i.e., there exists r € £*(G)

such that [(fz,ey)| < Ty (2)—ay (y)-

Then F is X localized with respect to €, and F € S*.

Proof. By theorem 3.2, if £ € S!, then £ € S'. So let s € ¢£'(@) such that
82| < Say ()-a (o) K = sup lay! ()], then
J
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(o8l < D [(fare)l (8, 8)

Z€Y
< Z Tax (x)—ay (2) Say (2)—ay (y)
zZ€Y
- Z Z Tax (z)—ay (2) Say (2)—ay (y)
jEGzea;l(j)
< D KTax(e) s 5oy )
jeG

= K(Ir * S)ax(w)fay(y)'

As 1, s € (YG),r x s € 11(G). Hence, F is ¢! localized with respect to £. So by
Proposition 3.3, F € S'. O

Theorem 3.5. ~ is an equivalence relation on S'.

Proof. Reflexivity: By definition, F ~ F.
Symmetry: It is clear to see that F ~ & = & ~ F.
Transitivity: Let F = (fz)zex,€ = (ey)yev,G = (92)2cz € S, such that
F~E&and & ~G. Let K = sug|a;1 (7)|- By Proposition 3.4 and symmetry,
j€

we have that & ~ G. Let r € £1(G) and s € £'(G) be such that |(fs,e,)| <
Tax(x)—ay(y) and |<éy,gz>| < Say(y)—az(z)- Then we have

(Forg2)l < D [(Far )] 1(8y, 92|

yey
< Z Tax (z)—ay (y) Say (y)—az(z)
yey
- Z Z Tax (z)—ay (y) Say(y)—az(2)
JEG yea! (j)
= > Klax(@)j Si-az()
JjeEG
< K(Ir * S)ax(w)faz(z)'
Notice that r,s € £1(G), so 7 * s € £}(G). Hence, F ~ G. O

From this equivalence class structure we obtain the following.

Corollary 3.6. For all F.€ € §', F ~ & implies F ~ E,F ~E,F ~E.
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Example 3.7. Gabor frames for L*(R?) are modulations and translations of a
single function, called an atom. These atoms ought to have good decay in both
time and frequency, and a class of functions with such a property is the modula-
tion space, M'. M consists of all functions f such that the short-time Fourier
transform Vg f : R2? — C, defined Vof(z,w) = (f, M,Tyg), is in LY (R%). In [6]
we have the following theorem.

Theorem 3.8. [6] Let G(v,I') = (T Myy : (z,w) € ') and G(\,G) = (TyM X :
(z,y) € G) be Gabor frames in L*(R), where y,A € M' and G = aZ® x pZ°.
Then the following statements hold:

(a) G(7.1),G(\,G) € 8%,
(b) G(7,T) ~G(A,G).

Using this theorem and Corollary 3.6, we have that oll Gabor frames with
generators in the modulation space M and their canonical duals, regardless of
whether or not their indices have a lattice structure, are in the same equivalence
class.

As previously mentioned, a similar relation was given in [13] and [14], which
was brought to the attention of the author after this paper was nearly completed.
Their relation was almost an equivalence relation, and was defined on the set of
frames whose Gramian matrices lie in a solid, inverse closed, involutive Banach
algebra. In contrast, the set of Gramian matrices of £!-self localized frames forms
an algebra, but not necessarily an inverse closed Banach algebra. However, a
frame F is ¢'-self localized if and only if a frame F' is localized in the sense of
Fornasier and Grochenig, i.e., the Gramian matrix is in the Sjostrand algebra
(see Theorem A.1, Remark A.2, and Lemma A.1 in [5]).

4 Extending the Results of Grochenig

Grochenig had two main results in [20], that a frame is localized with respect
to a Riesz basis if and only if its canonical dual exhibits the same localization
property, and frames localized with respect to a Riesz basis are automatically
Banach frames for the family of Banach spaces naturally associated to the Riesz
basis. We shall extend both of his results as a consequence of the equivalence
relation.

4.1 Localization of the Dual

In Grochenig’s definition we have that a frame F is s-localized with respect
to a Riesz basis £ if we have polynomial decay with respect to both £ and
its canonical dual, £. Since we have that s-localization implies symmetric -
localization with p > %, assume s > 1. Then we have that F is symmetrically
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¢*-localized with respect to £. By Proposition 3.3, if F = (f;)zex is s-localized
with respect to a Riesz basis € = (ey)yey, s > 1, we have F € S! and € € S'.
So by Corollary 3.6, if F = (f)zcx is s-localized with respect to a Riesz basis
€ = (ey)yey, s > 1, then as F ~ &, we have F~E.

4.2 Construction of Banach Frames

One of the main goals regarding Banach frames is their construction. In par-
ticular, we would like to show that a self-localized frame defines a family of
Banach spaces, and any other frame localized with respect to it is also a Ba-
nach frame for these spaces. As an example, consider their significance in the
study of Gabor frames. Here, the Banach spaces Hp, associated with a Ga-
bor frame are the all-important modulation spaces [14]. We shall prove that if
F = (f1)zex & = (ey)yey € S and F ~ &, then F is a Banach frame for the
natural family of Banach spaces associated with £. Note that when dealing with
weights we need extra conditions on the indices for everything to make sense.

Definition 4.1. Let (B, | - ||B) be a Banach space and let (Bq(X),| - ||B,)be a
Banach space of sequences indexed by X. A (countable) subset (fy : x € X) of

B', the dual of B, is called a Banach frame for B if the following properties
hold:

(a) The coefficient operator Cg : B — By(X) defined by Cef = (fu(f))zex is
bounded.

(b) We have the norm equivalence || f||p =< || fz(f)|B,-

(¢) There ezist a bounded operator R : By(X) — B, called the reconstruction
operator, such that R((fz(f))zex) = f.

Definition 4.2. For 1 < p < oo, the weighted (?-space /},(Y) on the index
set Y C R is defined by the norm

1/p

lelles, = | D leylPmly)”

with the usual modification for p = oo. The weight m is a non-negative function
on RY, which we may assume without loss of generality is continuous.

For the purposes of this paper, we assume that the weight is submultiplica-
tive, i.e., m(j + k) < m(j)m(k) for all j,k € R%.

Definition 4.3. Let € = (ey) ey be a frame for H such that & € S! and € be the
canonical dual frame. Let Ho C H be the subspace of finite linear combinations
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of elements in £. For 0 < p < oo and m a weight function, we define a (quasi-)
norm on Hy by

||f||7-[fn = [|(f, éy)erHE%’n-

For 1 < p < oo, the associated space ’H{’n(ﬁ,g) is defined to be the norm
completion of Ho with the norm || - |lgy» . For p = oo, Hy (E,€) is defined to be
the completion of Ho in the o(H,Ho)-topology.

HP (€,€) is a Banach space for 1 < p < oo with 1 fllgge < inf{llc[lp :ce€
o f= > yey Cyey}, as proved in [14] using the following lemma.

Lemma 4.4. Let F be symmetrically (' -localized with respect to & and consider
the cross-Gramian matriz A = ((ey, fz))yev,eex- Let ¢ be a finite sequence, then
A acts on c in the following way: (Ac)zex = (X ,cy (€y, fz)cy)vex. Then A ea-
tends to a bounded operator from 05, (Y) to 0,(X), where m is a submultiplicative
weight. If m = 1, then X, Y can be arbitrary countable indices. If m # 1, then we
assume X,Y,G C RY, m : RY — R and the maps ax : X — G,ay : Y — G com-
ing from the localization are such that max{sup,cx |z —ax(x)|,|ly —ay(y)|} < p
for some pu > 0.

Proof. Let ¢ € ¢5,(Y). Define d = (dj)jeq, where d; = >
d € 6h,(G) as |ay' (4)| < K for all j € G. Hence,

yeay () lcy|. Then

(Al = 1D (eys fadey

yey
< Z|<€yafw>||cy|
yey
< Z Z Tax (z)—ay (y) |Cy|
I€G yeagt ()
= Y Tax@-idi
jeEG

= (’I“ * d)ax(x)'
Hence, by a proof found in [1], there exists some constant C' such that
[Acller, (xy < llr*dlle, @y < ClIrlley, @) ez, ) < oo
We now prove that [|df| () < MK|lc|w vy, where M = supj,<, m(z) and

K = max{sup g aj\,l(j),supjeG ay'(j)}. Notice that as m is assumed to be
continuous we have that M is finite.
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. p P P .
For 1 < p < oo, since (Zy@;l(j) |cy|> < K Zyea;l(j) lcy|P and m is
submultiplicative, we have

1y oy = S dim(i)?
JjEG

KPY " > glP m(j)”
J€G yeaT ' (4)
KPY " > elP my)P m(j —y)”
J€G yeaT  (4)
MPEPY > gl mly)?
J€G yeay' (j)
_ p
= MP K" |||}, )

IN

IA

IA

For p = oo,

dlliee(y = esssup djm(j)
jeG

IN
@
197]
195]
w0
=
ke
(V]
=
<
2
s
3
(o
|
S

< Z esssup |cy| m(y) M
1y er
YyEa, (J)
< MK |cllioyy-

Hence, [|Acllg, (x)y < M K C |Irlle, ) llelle, (v)- O

As noted in [14], The elements of H2, are technically equivalence classes of
Cauchy sequences of elements of Hy. Though HP, may happen to be {0} or
dependent on the choice of duals, if the frame is ¢!-self-localized, then HE, is a
Banach space independent of the choice of a dual and all self-localized frames in
a particular equivalence class will be Banach frames for the same space.

Theorem 4.5. Suppose F = (fz)zex and € = (ey)yey are frames for a Hilbert
space H, F,€ € S'. If F ~ &, then F is a Banach frame for the family of
Banach spaces HP(E,E).

Proof. We will need to satisfy the following conditions:

(a) The coefficient operator C' : HP — ¢P(X) defined Cf = ((f, fz))zex is
bounded.
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(b) There exists a bounded operator R from ¢?(X) to HP, called the recon-
struction operator, such that R(({f, fz))zcx) = [-

(c) We have the norm equivalence || f|ly» < [[{f, fz)ller(x)-

Let B = HP and By = /P(X), where 1 <p < oo. If f € HP C H, then f =
> yey Cyey where ¢ € P(Y)). We define the linear functionals (fy)zex € (HP)'
in the following way:

Folf) = (fo o) =D eyley, fa)-

yey

Let B = sup,cy |(ey, fz)|- Notice that f; is bounded for each x:

oDl =1 eyley, fo)l = | Acllenx) < allellerry < BlIfllggr-

yey

If H? ¢ H, define f; as above for f = Zer Cy€y, Supp ¢ < 00. fy is still a
bounded linear functional. Then by a corollary of the Hahn Banach theorem, we
can extend f; to a bounded linear functional on the Banach space H” complete
in the norm || - |[qy».

Now let f € HP; then there is a Cauchy sequence (fy), N that converges to
f, where f, =3y cjey, supp ¢ < oco. This limit is unique. The boundedness
of the linear functional gives us that (fz(fn)), . is a Cauchy sequence which
converges to f;(f) and this limit is also unique.

(a) Let C be the coefficient operator, C'f := ((f, fz))zex. First consider
f=>yevcyey € HP C H, where ¢ € (P(Y) and [[f|[y» = [lcller(y). Then
Cf = ey cyley, fo))oex. We have

ICF Iy = IAcl ) < @£ 1o

where A is defined as in Lemma 4.4, with (Ac)gex = X2 cy (ey, fa)cy, and
m = 1. Hence, the coefficient operator C' is bounded from H” to /P(X).

If HP ¢ H, then we can define C' as above on finite sums. As C'is continuous,
C can be extended to a bounded linear operator on the completion.

(b) Let ¢ = (¢z)zex be a finite sequence. Let the reconstruction operator R
be the synthesis operator:

Rc = D]:_c = Z cxfx.
reX

By a proof nearly identical to that of Proposition 2.4 in [14], we have that
R is bounded on P(X) for 1 <p <oo. If f € HP CH,

R(((f, fm))wEX) = Z <Z C;/eyaf:r>f:r = Z ch/(@y,fm>fm = Zc;ey = f.

rzeX yeyY reX yeYy yey
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If f € HP € H, let (fu), N be a Cauchy sequence in HP converging to f,
where fp, = >° y cyey, supp ¢ < oo. Then R((fs(fn))zex) = fa. Recall that
fx is a bounded linear functional, so f,(f,) converges to f;(f). As the limits
are unique, we have that R((fz(f))zex) = f-

(c) We have that

HCfllerxy = [I({fs fa))zexlenx) < e[ fllgyr

and
IRC fllggr = I Fllggr < DICfler(x)-
Hence,
I fedeex ey < 1fllge < DG, fehacx e
Hence, F is automatically a Banach frame for H”. O

If we add a weight, m, and consider the weighted ¢? space, £5,, we run into
the problem of having to define m for X, Y, and G. We deal with this problem
by embedding X, Y, and G into a larger space S (this generalizes the case where
X,Y, and G are subsets of ]Rd) and adding the extra condition that the maps
ax : X = G,ay : Y — G are such that |z — ax ()|, |y — ay(y)| < p for some
u > 0.

Theorem 4.6. Suppose F = (fy)zcx is a frame and let £ = (ey)ycy be a Riesz
basis for H, F,E € S', X, Y C S, where S is an abelian group. Assume G C S,
and the maps ax : X — G,ay : Y — G are such that |z —ax(x)|, |ly—ay (y)| < p
for some p > 0. Let m : S — RY be a submultiplicative weight function,
i.e., o non-negative, locally integrable function on S such that for oll z,y € S,
m(z +vy) < m(x)m(y). Assume without loss of generality that m is continuous
and symmetric. If F ~ &, then F is o Banach frame for the family of Banach
spaces HY associated with E.

Proof. The proof is almost identical to that of the previous theorem. Note that,
Lemma 4.5 still holds true if we replace R¢ by S. O
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